ON THE EXTRAORDINARY USE OF THE
METHOD OF INTERPOLATION IN THE
DOCTRINE OF SERIES®

Leonhard Euler

In the method of interpolation a relation of such a kind among the two
variables x and y is in question that, if to the one x successively the given
values

a,b,c,d etc.

are attributed, the other y hence also obtains the given values
p,q,7,s etc,

or what reduces to the same, an equation for a curved line is in question,
which passes trough arbitrarily many given points. Therefore, the greater the
number of these points was, the more restricted the curved line is; nevertheless,
I already observed on another occasion’, even if the number of points is
augmented to infinity, that always still infinitely many curved lines passing
through all the same points in like manner can be found. Since the method
of interpolation for each case yields a determined curved line, this solution
is always to be considered as highly particular; but this circumstance itself
implies a certain singular nature of the found solution, which deserves a more
accurate consideration. But this nature of the solution especially depends on

*original title: , De eximio usu methodi interpolationum in serierum doctrina”, first published
in ,,Opuscula Analytica 1, 1783, pp. 157-210”, reprinted in ,,Opera Omnia: Series 1, Volume 15,
PP- 435 - 497", Enestrom-Number E555, translated by: Alexander Aycock for the project
,,Euler-Kreis Mainz”

'Euler refers to his paper “De serierum determinatione seu nova methodus inveniendi
terminos generales serierum”. This is E189 in the Enestrom-Index.



the method, how this interpolation is done, or on the form, which is attributed
to the general equation, in which the equation in question must be contained.
Since this form can be constituted in infinitely many ways, I will restrict my
investigations to this form

y = ax + Bx° +yx° + 5x7 + ex’ + etc,

which certainly only contains odd powers of x so that y is a centrally sym-
metric function; hence innumerable other curved lines are excluded, which
would pass through the same points.

PROBLEM 1
§1 To find an equation between the two variables x and y of this form
y = ax + px> +yx° 4+ 6x” 4+ ex’ +etc,,

that, if to x the given values
a,b,c,d etc.

are attributed, the other variable y likewise obtains the values

p,q,1,s etc

SOLUTION

In order to apply the general equation to this case more easily, exhibit it in
this form

y = Ax + Bx(xx —aa) + Cx(xx — aa)(xx — bb)
+ Dx(xx —aa)(xx — bb)(xx — cc)
+ Ex(xx — aa)(xx — bb) (xx — cc)(xx — dd)
+ etc.,

which, even though it might proceed to infinity, if the number of conditions is
infinite, of course, nevertheless yields the following finite equations for the



propounded conditions:

I. p=Aa,
II. g = Ab + Bb(bb — aa),
II. » = Ac + Be(cc —aa) + Cc(cc —aa)(cc — bb),
IV. s = Ad + Bd(dd — aa) + Cd(dd — aa)(dd — bb),
+ Dd(dd — aa)(dd — bb)(dd — cc),

etc,,

which we want to represent this way

. P—g,
a
II. % = A + B(bb —aa),
1. g = A + B(cc —aa) + C(cc — aa)(cc — bb),
Iv. 2 — A + B(dd — aa) + C(dd — aa)(dd — bb)

+ D(dd — aa)(dd — bb)(dd — cc)

etc.

Now subtract the first from the following ones and divide the differences by
the coefficients of B so that these equations result:

aq — bp

_r " _— /:
Db —an) TP
Lar—cp -
ac(cc — aa) =1 =B +C(cc—bb),
as—dp B - )
ad(dd —aa) ° =B + C(dd — bb) + D(dd — bb)(dd — cc)

etc.



Now, in like manner subtracting the first from the following ones and dividing
the them by the coefficients of C we will get to these equations:

r— q/ /A
cc—bb | ¢
g — q/
T 5 =d" =C+ D(dd — cc)
etc.
and further to this one
R b
dd —cc

Therefore, the coefficients A, B, C, D etc. will be determined most conveniently
this way from the given quantities a, b, ¢, d etc. and p, g, r, s etc.: First, from
the given quantities derive these

and hence form these:

_Q-P . _R-P S—P T—P

Q "~ bb—aa’ T cc—aa’ s :dc/l—aoz' T T ee—aa ete.,
' A Iy _
s — il;__]::, " — ];:5’ etc.,
T _ g
TN// - m, etC.,

Having found these values we will have

A=P, B=Q, C=R", D=S§", E=T" et

COROLLARY 1

§2 Sinceitis P = L, the first coefficient will be

A:E;
a



for the following on the other hand because of

Q= ag —bp R _ _Ar—cp ,  as—dp T — at —ep

ab(bb—aa)” —  ac(cc—aa)’ ©  ad(dd —aa)’ ~  ae(ee — aa) ete.
the second coefficient will be
g_ _2—bp
ab(bb — aa)
or
B— p q

~ a(bb — aa) + b(bb — aa)’
COROLLARY 2

§3 Further, because it is

R = ar —cp _ aq—bp
ac(cc —aa)(cc —bb)  ab(bb — aa)(cc — bb)’

it will be

_ P q 4
€= a(aa — bb)(aa — cc) + b(bb — aa)(bb — cc) + c(cc —aa)(cc — bb)

COROLLARY 3
§4 In like manner by continuing the calculation it will be found

_ p q
b= a(aa — bb)(aa — cc)(aa — dd) + b(bb — aa)(bb — cc)(bb — dd)

* c(cc —aa)(cc — bb)(cc — dd) + d(dd — aa)(dd — bb)(dd — cc)’

whence it is already possible to conjecture the form of the following quantities
E, F, G etc.
SCHOLIUM 1

§5 But in most cases the values of the single coefficients A, B, C, D, E etc.
are defined by the preceding ones. For, the following formulas are deduced



from the fundamental equations:

A=E
a
qg—bA
B = beb —aa)’
C— r—cA B
c(c—aa)(cc —bb) cc—bb’
D— s—dA B B __C
d(dd — aa)(dd — bb)(dd —cc)  (dd —bb)(dd —cc) dd—cc’
E_ t—eA B B
e(ee —aa)(ee — bb)(ee — cc)(ee —dd)  (ee — bb)(ee — cc)(ee — dd)
C D
~ (ee —cc)(ee —dd) ee—dd
etc,,

where in most cases immediately a structure of such a kind is observed,
whence the following ones can easily be derived, as it will be seen in the

following problems, in which I will apply this method to certain particular
cases.

SCHOLIUM 2

§6 But before I expand cases of this kind, it will be helpful to have observed
in general that, if for a certain case a satisfying equation between the two
variables x and y was found, which I will denote this way
y=X
so that it is
X = ax + Bx® +yx° + 6x” +etc,
that then hence easily an equation extending much further and equally fulfil-
ling the prescribed conditions can be formed. For, set
xx —aa xx—bb xx—cc xx—dd
aa bb cc dd

which quantity vanishes for all propounded values of x

Q=x

etc,,

x=0, x=24a, x=4b x=+c etc,



and all functions of Q vanishing alongside with Q itself will do the same;
hence it is manifest, if one sets

y=X+Q

or
y=X+f:Q

that all conditions are equally fulfilled. Therefore, since this function f : Q is

completely arbitrary, as long as vanishes for Q = 0, this equation

y=X+f:Q

is to be considered to exhibit the most general solution.

PROBLEM 2

§7 Leta, b, c, d etc. be any circular arcs while the radius of the circle is = 1, but let
the values p, q, r, s etc. be the sines of the same arcs, since in this case this property
holds that to negative arcs the same sines taken negatively correspond, hence to define
the ratio of the diameter to the circumference approximately.

SOLUTION

Since here it is
p =sina, ¢q=sinb, r =sinc etc.,

the equation between x and y will be of such a nature that having taken x for
the circular arc the quantity y will approximately be expressed by its sine and
itis

Yy = sinx.

Therefore, having defined the coefficients
A, B, C, D etc
by means of the preceding problem one will have this equation

sinx = Ax + Bx(xx — aa) + Cx(xx — aa)(xx — bb) + etc.,



which is therefore true, as often as it was
either x=0 or x=24a or x==+4b or x = +c etc

Now let us assume the arc x to be infinitely small, and since then its sine,
sin x, becomes equal to the arc x, this equation will result

1 = A — Baa + Caabb — Daabbcc + Eaabbcedd — etc.

Let us substitute the values found above for the letters A, B, F, D etc. here
and we will get to this equation

1_P (1 __m aabb B aabbcc +ete )
a aa —bb  (aa—0bb)(aa—cc) (aa—bb)(aa — cc)(aa — dd) '
q < an aabb n aabbcc ~ete )
b\bb—aa (bb—aa)(bb—cc) (bb—aa)(bb— cc)(bb— dd) '
r aabb aabbcc
+ c ( (cc —aa)(cc —bb) ~ (cc — aa)(cc — bb)(cc — dd) + etc.>

s aabbcc ~ ote
d \ (dd — aa)(dd — bb)(dd — dd) ’
+ etc.,

which can be reduced to this one, in which all series are similar to each other

1= 4 (1 B aaa_abb n aabb B aabbcc . etc.>

a (aa — bb)(aa — cc)  (aa — bb)(aa — cc)(aa — dd)
_ aaq (1 n bb n bbcc n bbcedd n etc.)
b(bb — aa) cc—bb  (cc—bb)(dd—bb)  (cc—bb)(dd — bb)(ee — bb)
n aabbr <1 L L cedd n etc.)
c(cc — bb)(cc — bb) dd —cc ~ (dd — cc)(ee — cc)
B aabbccs <1 n ad L etc.>
d(dd — aa)(dd — bb)(dd — cc) ee — dd

+ etc.
But every single one of these series is immediately summable; for, combining
terms of the first series we will find

b
bb —aa’




but if the third is added to it, it will be

bbcc

(bb — aa)(cc — aa)

and hence further adding the fourth term yields
bbcedd

(bb — aa)(cc — aa)(dd — aa)

and so forth, so that the first series of our equation becomes

P bb e dd e ot
a bb—aa cc—aa dd—aa ee—aa '
But in like manner this product is found for the second
q aa dd o ee ot
b bb—aa cc—bb dd—bb ee—bb '
and so our equation is finally reduced to this form
p bb cc dd ee
1=1F1. . . . . etc.
g bb—aa cc—aa dd—aa ee—aa ete
n qg _aa  cc dd e ot
b bb—aa cc—bb dd—bb ee—bb ’
L roaa bb . dd e ;
¢ aa—cc bb—cc dd—cc ee—cc et
n s aa bb o e ¢
d aa—dd bb—dd cc—dd ee—dd °
L t o aa bb o cc ' dd ot
e aa—ee bb—ee cc—ee dd—ee e
+etc,,

whence, if the given arcs a, b, ¢, d etc. have a known ratio to half of the

circumference 7, the value of this quantity 7 will be defined

§8 If the number of these arcs a4, b, ¢, d etc. was finite, then the circumference
of the circle will be defined the more accurately, the larger that number is and
at the same time the smaller arcs occur among them. But having augmented
the amount of propounded arcs to infinity the true ratio of the circumference
to the diameter can be derived this way.

COROLLARY 1



§9 In like manner the sine of the indefinite arc x can be defined in general.
For, having substituted the found values for the coefficients A, B, C, D etc. the
equation will be reduced to this form

sinx _p bb—xx cc—xx dd—xx

x a bb—aa cc—aa dd—aa ‘etc.
+g 4@ — XX CC— XX 'dd—xx'etC.
b aa—bb cc—bb dd—Dbb
r aa—xx bb—xx dd-—xx
+E ‘aa—cc bb—cc dd—cc rete.
s aa—xx bb—xx cc—xx
Y3 aa—dd th—dd cc—dd ¢

+etc.,

which equation having taken a vanishing arc for x goes over into the one we
found before.

COROLLARY 3

8§10 But this reduction extends a lot further, since it is not restricted to arcs.
For, if an equation of such a kind between the two variables x and vy is in
question, that having taken

x=0, a, b, ¢, d, e etc.
it is
x=0,p q 1 s t etc,

this equation can be represented in general this way

z:B.bb—xx_cc—xx.dd—xx'ee—xx.etc
x a bb—aa cc—aa dd—aa ee—aa '
+g.aa—xx.cc—xx'dd—xx‘ee—xx.etc
b aa—bb cc—bb dd—bb ee—bb '
r aa—xx bb—xx dd—xx ee— xx
+E.aa—cc'bb—cc.dd—cc‘ee—cc.etc'
s aa—xx bb—xx cc—xx ee—xx
Y3 aa—dd Bh—dd cc—dd ee—dd =

+etc.;

from this form it is manifest at the same time, how the single conditions are
fulfilled.

10



SCHOLIUM

§11 I do not spend more time on the cases, in which the number of of
prescribed conditions a, b, ¢, d etc. is finite, since hence only approximations
for the measure of the circle are obtained. Nevertheless, it will not be out of
place to have observed, if only four arcs are taken, which we want to call

a=¢, b=2¢p, c=3¢, d=4gp,

that from the solution of the problem it will be

_sing 2-2 3-3 4-4
1 1-3 2-4 3.5
_sin2¢ 1-1 3-3 4-4
2 1-3 1-5 2-6
sin3¢p 1-1 2.2 4-4
3 2.4 1-5 1-7
_sin4g 1-1 2-2 3.3
4 3.5 2.6 1-7

—§sin —gsinZ —|—isin3 —isinél
T 5 SO T SINAPT g5 SIMOP T 140 S

which expression comes the closer to the truth the smaller the angle ¢ is taken;
nevertheless, even if one takes

_
(p_z’

the error does not become enormous; for, it results

T 8 8 32

2 5 105 21

and so
7T—3i
- T21
But if we take -
q):30 :g,
it is
T_81 2V3 8 1 3
6 5 2 5 2 105 140 2
or

184 171V3

=735 140 ’

11



which value differs from the true one by the hundred-thousandth part of
1. But having put aside this consideration I want to go through some cases,
where the number of propounded arcs 4, b, ¢, d etc. proceeding in a certain
way is infinite.

EXAMPLE |

§12 Let the arcs a, b, c, d etc. proceed according to the series of natural numbers
and let
a=¢, b=2p, c=3¢p, a=4¢p, etc. toinfinity;

to determine the true length of the arc ¢ from their sines p, q, r etc.

Therefore, the solution of the problem for this case yields this equation

N
N
W
3
i~
(6) ]
G

sin @

. 4

=1 ‘132435 1.6 °
_sin2¢ 1-1 3-3 4-4 5.5 ot
2 1.3'1.5 2.6 3.7 ¢

L sindp 11 2.2 4.4 5.5
3 2.4 1.5 1.7 2.8 ¢
_sin4dp 1-1 2-2 3.3 5.5 ot
4 3526 1.7 19 ¢

L sindp 11 2.2 3.3 4.4
5 4.6 3.7 2.8 1.9 °¢

+etc.;

but all these products are found to have the same value = 2, so that it is
1 ) 1 . 1 . 1. 1 .
Sp=sing—3 sin2¢ + 3 sin3¢ — 1 sind¢ + 5 sin5¢ — etc,;

the correctness of these series in the case, in which the angle ¢ is infinitely
small, is manifest per se. Therefore, let us expand the following cases:

1.Let -
=90 ==
¢ 2
and the Leibniz series results
E—1—1 1—l—kl—etc
4 3 5 7 9

12



2. Let T
=45 = =
¢ 4

and this series will result

T 1 1 1 1 1 1 1 1 1

e  — ——f—— —
8 V2 2 32 5Y2 6 72 9y2 10 11,2

which is resolved into these two

r_ttor 1t o1 1 1
8 2\ '3 5 779711 13 15
T
2\" 7375 79 11 ’
such that it is
et 1 1. 1.1 1 1 _ 7
5 7 11 13 15 " 22
3. Let
o 7T
—60" =2
¢ 3

and it will be

7T V3 1 V3 1 V3 1 V3
_—= — — - — % +—- — — — . — + etc.
6 2 2 2 4 2 5 2
or
T _1_1_{_1 1_}_1 1+i——+etc
33 2 4 5 7 8 10 11
4. Let
o T
=30 = —
¢ 6
and it will be
7T 1 1 3 1 1 3 11 1 1 1 3
7:,_,.£+,_,.£+7-7*—7-7+*'£
12 2 2 2 3 4 2 5 2 72 8 2

13

—etc.,



or

T
3 5 7 9 11 )’

the last of these sums becomes = Z;

127

1 1 1 1 1 V3 1 1 1 1 1
e s 4 —etc. =~ (14+Z—>—= -4+ - —ete .
1+5 7 11+13+17 etc > ( + + 5+ etc)

hence it is concluded

But both series become equal to the arc 7, which is certainly already manifest
in the first using the Leibniz series.

COROLLARY 1

§13 From the equation found here
1 = sin —lsinZ +lsin3 —lsin4 + etc

many other not less remarkable ones can be derived. For, after a differentiation
this equation results

1
5= COS ¢ — cos2¢ + cos 3¢ — cos ¢ + etc.;

the reason this is manifest from the observation that by multiplying both sides
by 2 cos %go the identical equation cos %cp = cos %(p results.

COROLLARY 2

§14 But if we multiply this equation by —d¢ and integrate it afterwards, it
results

1 1 1 1
— g = - + = — — cos4g + etc.
C L PP =cosg 4c052(p 9c053<p 1g Cos 49 etc.,

where the constant entering by integration is determined from the case ¢ = 0,

it is found to be
1 1 1 TTTT
+ - — — Jetc. =

C=1-1%v5"1 127

14



so that it is

LT | ! os3p— L
o 1 —0s¢ 4c032(p—l— 9 cos 3¢ 16 cos4g + etc.,
which series therefore, having taken ¢ = &, becomes = 0. But it approxima-

\/3/
tely is

s ° s
—— =103'5523" and cos — = —0,2406185.
V3 V3

COROLLARY 3

§15 If we multiply by d¢ and integrate again, it will result

l7'[7'[ —i 3 —sin —lsinZ +isin3 —isin4 + etc
12T T ¥ TINP T g SMAP T 57 SNSP T gy SMAP T Etey

whence having taken the arc
o 7T
=90 = —
¢ 2
this sum is obtained
1 4 1 1

37277: :1_ﬁ+ﬁ_@+etc"

as it is already known from other sources?.
SCHOLIUM
§16 It could cause some doubts that the sum of the series
lo— sin @ — 1sir12 + 1sinS — 1sin4 + etc
for ¢ = 180° = 7 can not become equal to 17, since all the terms vanish. But

to clear these doubts first set ¢ = 7 — w and this equation will result

T—w sinw + 1sinZaJ + 1sin3cu + 1sin4cu + etc
2 2 3 4 ’

but now assume the arc w to be infinitely small, whence this equation is
obtained

T—w
2
which does not any longer contain anything paradoxical. The same is true if
we want to take ¢ = 27 or ¢ = 371 etc.

=w+w+w+w+w+etc,

2Euler finds this series, e.g., in his paper “De summis serierum reciprocarum”. This is E41 in
the Enestrom-Index.

15



EXAMPLE 11

§17 If the arcs a, b, c, d constitute an arbitrary arithmetic progression that it is
a=np, b=n+1)p, c=n+2)p, d=(n+3)¢ etc

to define the longitude of the arc ¢ from their sines.

The general solution exhibited before for this case gives

sinng (n+1)> m+2)? (©+3)%* n+4)?* (n+5)?

n ‘1(1+2n) 2(2+2n) 3(3+2n) 4(4+2n) 5(5+2n)
_sin(n+l)g  n*  (n+2)* (n+3)> (n+4)? (n+5)?
n+1  1(1+2n) 1(3+2n) 2(4+2n) 3(5+2n) 4(6+2n)
sin(n+2)¢ n? ‘ (n+1)? ‘ (n+3)? ‘ (n+4)? . (n+5)2
n+2  202+2n) 1(3+2n) 1(+2n) 2(6+2n) 3(7+2n)
sin(n +3)¢ n? n+1)? (n+2)? @nm+4)? (n+5)?
 n+43  3(3+42n) 2(4+2n) 1(5+2n) 1(7+2n) 2(8+2n)
sin(n +4)¢p n? n+1)2 (m+2)? n+3)?2 (n+5)?
n+4  4(4+2n) 3565+2n) 2(6+2n) 1(7+2n) 1(9+2n)

+etc.

etc.

etc.

etc.

- etc.

- etc.

But to investigate the values of these infinite products, for the sake of brevity,

let us put

sinng SBsin(n +1)¢ Csin(n +2)¢ Qsin(n +3)¢

tc.
n n+1 n+2 n+3 +ete

p="2
and compare these coefficients to each other the following way

A nn 2(2+42n) 3(3+2n) 4(4+2n) ot
B (n+1)2 13+2n) 2(4+2n) 3(5+2n)

which value is reduced to
nn (i—1)(2+2n)
(n+1)2 1(i+2n) '
while i denotes an infinite number and so it will be

A 2nn
B n+1

16



In like manner it is concluded

¢ _1(1+2n) (n+1)* (i-3)((4+2n) _(n+1)(2n+1)

B 202+42n) (n+22  1(i+2n)  2n+2)
but then further
D (n+2)(2n+2)

¢ (n+3)(2n+3)
¢ 3m+3) T D 4n+4)

and so forth; hence it follows that it will be

2nn

P
2nn(2n +1)
¢ = AT g
1-2(n+1)
_ 2nn(2n+1)(2n +2)
= T 2 3mya)

_ 2nn(2n+1)(2n+2)(2n +3)
- 1-2-3-4(n+4)

etc.

¢

2A

and so the whole task reduces to the invention of the first letter

_ (n+1)? . (n+2)>2 . (n+3)2 ' (n+4)? »
12n+1) 22n+2) 3(2n+3) 4(2n+4) etc.

But I already proved a long time ago? that the value of this general product

alb+c) (a+d)(b+c+d) (a+2d)(b+c+2d) .
b(a+c) (b+d)(a+c+d) (b+2d)(a+c+2d) e

is expressed in such a way that it is

b dx(1 - )
- [ x*=1dx(1 — x%)

c—d

d
c—d ’

d
having extended the integration from the lower limit x = 0 to the upper limit
x =1, of course. Since using this theorem for our case one has to take

a=n+1, b+c=n+1, b=1, ¢c=n and d=1,

3Euler did so in his paper “De productis ex infinitis factoribus ortis”. This is E122 in the
Enestrom-Index.
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we will have

_ [dx(1—x)"1 1

2 [ xndx(1—x)n-1 - n [ x"dx(1—x)"-1

and hence the following expression for the arc ¢

1 2n
n -1 s . :
qo/x dx(1—x) —osinng T +1)2 sin(n+1)¢
2n(2n +1) _ 2n(2n+1)(2n +2)
1-2(n+2)2 1-2-3(n+3)2
2n(2n+1)(2n +2)(2n + 3)
1-2-3-4(n+4)>2
This series deserves even more attention, since it involves the integral formula
[ x"dx(1 — x)"L

sin(n+2)¢

sin(n+3)¢

sin(n +4)¢ + etc.

COROLLARY 1

§18 It will be helpful to have noted at first about this integral formula

/x”dx(l —x)"7L,

if it was A in the case n = A, that it then in the case

n=A+1
will be
A
220 +1)

So, since in the case n = 1 it is

1
/xdx =5

it will be

1 1 1
2 — —_ —  —_— 3 — 2 —_ - .
/x dx(1—x) 5 5.3 /x dx(1—x) 5 5.3 5.5 °©©

18



COROLLARY 2

§19 Therefore, if in general it is put

/x”dx(l —x)" = fun,
since its value can be considered as a function of n, it will be

1 1 1 1 1 2
fil=5 f2=5% f3=57¢710 [i4=

and in general

I\J\H
cxh—\
=l
o

n
: 1)= ——~f:
filn+1) 2ent1)! "
Hence, as often as 7 is an integer number, the value of this formula f : n is
easily assigned.
COROLLARY 3

§20 Now letn = % and it will be

1 dxy/x yydy
Vi—x )iy

having put x = yy; but
yydy T

/\/1—7_2/\/1—7 g

whence it is

1 =
fi3=2
and hence further
3 1 = 5 1 3 =« 7 1 3 5 =&
fia=s 2 278162 FraTs 6 o
But if in general it is n = £, it is found

fills [xfax—xnft=p [y iaya -yt

then having put x = y" and after some simplification one finds

1% _ E_
fif= §/y“ ldy(1-y")"

which form involves transcendental quantities of several species.

19



COROLLARY 4

§21 The value of the integral formula

/x"dx(l —x)"1

in the case x = 1 is vice versa elegantly determined using the found series;
for, after a differentiation with respect to the arc ¢ as a variable it results

2n(2n+1)

m COS(Tl + 2)4)

1 2n

n n—1

_ —— = 1

/x dx(1—x) —cosng TCESY cos(n+1)p+
_2n(2n+1)(2n+2)

1-2-3(n+2)
which series is therefore equal to this one resulting from the usual expansion
itself

cos(n+3)¢p + etc,,

. a1 1 n—1 m—1)(n—-2) (m—1)(n—2)(n—23)
/xdx(l_x) 1_n+1_1(n+2)+ 12n+3)  1.2.3(n+4d) €
SCHOLIUM 1

§22 Since we expanded the case n = 1 in the preceding example, let us here
mainly consider the case

in which we saw that it is

and it will therefore be

e _4 in1 _4 in§ +i in§ —isinZ + etc
3 1M P T gt P TSNP T oS P T e

Let us put ¢ = 2w and this more convenient series will result

”7“’_1 inw—l in3w+isin5w—lsin7w+etc
s 1° 9° 25 49 v
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which first, if a vanishing arc w is assumed, gives

E—1—1—1—1—14-etc
4 3 5 7 '
But let
w="
2

and this also known series results

T I I S
8 192519 g "¢

But having taken the arc

7(71_1

o TT
w:45:z
it results
LIS S I S T S
82 9 25 49 81 121 169
Let R
w:30:g;
it will be

am _1f v 1 11
24 2 727132 T 192 T o2 T

1 1 1 1
-1 ﬁ_’_& +@+ﬁ+etc.

—|—1 l—I—L—i-i%-i—i—etc
2\5* 112 172 232 )’

where the middle one is = 7% and the reason for the remaining ones is
perspicuous. Further, a differentiation of our series yields this remarkable

form

w_1 w 1 3w—|—1 5w 1 7w + etc.;
1= 1cos 3cos 5cos 7cos etc.;

this is an extraordinary result, since completely all arcs assumed for w yield
the same sum. But then an iterated differentiation yields

0 =sinw — sin3w + sin5w — sin7w + etc.
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But by means of integration we find

2
Tw 1 1 1 1
C-— 5 = Tcosw — ?cos&u—l— §c035w — %cos7w+etc.,

where, since having taken w = 0 it is

R U U R
P 5B BTy
it will be s
s
C—3—2,
so that it is
z E—ww —lcosw—lcos3w+lc035w—lcos7w+etc
8\ 4 1 33 53 73 '
SCHOLIUM 2

§23 Now let us in general put

and since it is
sin(n+1)m = —sinnn, sin(n+2)m = +sinnm  etc.

our equation divided by sinn7t will obtain this form

s " a1 1 2n 2n(2n+1)
1— ==
sin 7 /x dx(1-x) 2T 12 T 12427
2n(2n+1)(2n +2)
tc.;
123132 €
but having taken
Q=27

in like manner it will be

27 " 41 2n 2n(2n+1)
dx(1—x) 1= —
sin 217t /x x(1-%) 2 I+ 12 12 +2)

22



2n(2n+1)(2n +2)
© 1-2-3(n+3)2
hence the first of these series divided by this one yields the quotient = cosn,
which seems to be wrong, since the quotient is smaller than 1. But we already
resolved a similar difficulty above, which resulted from putting ¢ = 27; for, if
we would have put ¢ = 37, the first series would have this sum

+ etc.;

_ o7 /x"dx(1—x)”—1,

sin 371

which is only equal to the other one, if 7 is infinitely small. Hence only the
first series is to be considered to hold; in order to investigate its sum, let us set

1 2 2n(2 1
oLy 2, 2@t

1 (n+1)2 12422 Tt

and it will hence be
2n 2n(2n+1) p+1

.t
d.tds S L

PR t‘.
ar 1 1.2 +ete;

the sum of this series manifestly is

so that it is td
s
/ (1 — )

and

dt =1qg
S_/ [Nk

and so having put x = 1 after the integration one will have

0 dt " ldt
, / x"dx(1—x)" / e
sinn (1—t)2
The comparison of these two integral formulas is even more memorable, since
among many others, which have been discovered, no one of this kind is found.
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SCHOLIUM 3
§24 Let us put in general
T
?=7
and it will be

) .onm . nrm
sinng = sin o sin(n+1)¢ = cos o

sin(n+2)p = —sin %, sin(n 4+ 3)¢ = — cos % etc.,

whence this equation results

2 [ xdx -2 = sin ”2”(1 2n(2n+1) | 2n(2n+1)(2n +2)(2n +4)

nn 1-2(n+2)? 1-2-3-4(n+4)2
nrw 2n 2n(2n+1)(2n 4 2)
_Cosz(1(n+1)2_ 123137 <)

But from the reduction given above it is manifest that it will be

1 2n(2n +1) 24 2n(2n+1)(2n +2)(2n + 3) o
1-2 1-2-3-4
A/ )T (1 /-1)7
— 5 ,
2n, 2n(2n+1)2n+2) 5
1+ t/—1)72" — (1 —t/—1)"2"
B 2y/—1
and hence it is concluded
E/x”dx(l —x)"1
2
7Sin /dt/ = 1dt L /dt/ t=1dt
(1+ty/— (1—ty/—1)2n
B /dt e 1dt o0s 1T /dt/ I 1dt
1 1 +tv — 1 — v —

24
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where after the integration one has to put t = 1. But in order to get rid of the
imaginary quantities in this expression, let us put

sin w
t=tanw = ;
Ccos w
it will be
dw dt dw dwsin® 1w
dt=——, —=—"7" plgp=""""_ =
cos2 w t sin w cos w cos"t1 w
but then

(1+tv/—1)"2" = cos® w(cosw + v/ —1-sinw) 2"
= cos? w(cos2nw — /—1 - sin2nw),
(1—tv/—1)"2" = cos® w(cosw — v/ —1-sinw) "
= cos?" w(cos2nw + v/—1 - sin 2nw).

Having substituted these values the imaginary quantities will cancel each
other and this equation will result

T . nm dw
—/x”dx(l —x)" = sin —- 7/dwsm 1w ecos" ! wcos 2nw
2 sin w cos w

+ Cos — / / dwsin™ ! wcos™ !
sin w cos w

w sin2nw,

which can be contracted into this simpler one

d
E/x”dx(l —x)" = /760 /dw sin"_lwcos"_lwsin(E + 2nw)
2 sin w cos w 2

or because of sin w cosw = % sin 2w into this one

b n -1 1/ 2dw / . n—1 -
2/x dx(1—x) =5 | snow. 2dw sin" ™" 2w sin ( 5 + 2nw).

Now let the angle be 2w = 6, so that it more conveniently is

[ (1 — n—l_l/ZdG/ i1 0 sinn( "
2/x dx(1—x) =5 | sing df sin 051nn(2+6),

where after the integration one must set § = 90° = Z, so that then it is w = 45’
and t = tanw = 1.
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EXAMPLE III
§25 If the arcs a, b, c, d etc. constitute an interrupted arithmetic progression, so
that it is
a=mp, b=np, c=1+mlp, d=(1+n)g,
e=2+m)p, f=2+n)ep, et.,
to define the longitude of the arc ¢ from their sines.

The general solution given above (§ 7) yields this equation

__sinmg nn C(1+m)* (1+mn)?
N m (n—m)(n+m) 1(1+2m) (1+n—m)(1+n+m)
eEm? e
2242m) 2+n—m)(2+n+m) ’
__sinng mm ' (14 m)? .(1+n)2
n m—m)(n+m) A+m—n)(14+m+n) 1(1+2n)
' (24 m)? (2+n)? et
2+m—n)2+m+n) 2(2+2n) '
sin(1+m)e mm nn (1+n)?
1+m  11+42m) A+m—n)A+m+n) (n—m)2+m+n)
C(2+m)?* (2+mn)? et
13+2m) (14+n—m)(3+n+m) '
_sin(l+n)e mm .o (1+m)?
1+n I+n—m(1+n+m) 1(1+2n) (n—m)(2+n+m)
. (24 m)? L @+n?
(1+m—n)3+m+n) 1(3+2n) '
sin(2+m)g mm nn (1+m)?
2+4m  202+2m) 2+m—n)2+m+n) 1(3+2m)
(1+n) . (2+n)

- etc.

(A+m—n)B+m+n) (n—m)A&+m+n)
—etc.

But hence it is not possible to conclude anything worth one’s attention in
general; hence I will expand the especially remarkable case, in which it is
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n=1—m;
for this, for the sake of brevity, I set

_ ™Asinmp  Bsin(l-m)p  Csin(l+m)p Dsin(2—m)e

m 1-m 1+m 2—m +ete,
so that it is

1-m)? (1+m)? (2-m)*> (2+m)? (3—m)?
Ql_la—2;y5@+2;yéa—£)'&2+m) 32+m)
B mm 1(142m) 2(2—2m) 2(2+2m) 3(3—2m)
AT A—m? 2.2m 1B—2m) 3(1+2m) 203 —2m)
¢ 1(1-2m) (1-m)? -1(3_2m)-3(1+2m)~2(4_2m)-etc
B 1(1+2m) (1+m)2 3(1—-2m) 13+2m) 4(2-2m)
D 1(142m) 2-2m _(1+m)2.1(3+2m).4(2—2m).etC
¢ 22-2m) 13-2m) 2-m)? 4-2m 15-2m)
€ _202-2m) 13-2m) 3(1-2m) (2-—mP 15-2m)
©  2(2+2m) 3(1+2m) 13+2m) (2+m)®2 5(1—-2m)

But from the reduction given above one finds

[ xmtdx(1 — x) =2

A= m [ xmdx(1 —x)m=1. [ xm=1dx(1 — x)—m;

but then for the remaining ones using the form of the products itself one
concludes

§_ m E_l_mf 9—71+m E_L—m etc
A 1—-m" B 14m € 2—m" D 24m N
so that it is
B e=— o D=9 e=_"9 et
1—m 1+m 2—m 24+m

Therefore, for the sake of brevity let us put

. mo1 JA"Mx(1—x)T™
/x dx(1—x)" 1. TRl )T
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and it will be as follows

_sinmg sin(1-m)p sin(l1+m)p sin(2-—m)p sin(2+m)p
Mo == " —me T arme  @om? T imp o

whence by differentiating we conclude that it will be

_cosme cos(l1—m)p cos(l+m)p cos(2—m)p n cos(2 +m)¢g

M m 1—m 1+m 2—m 24+ m

—etc,,
which series because of its extraordinary simplicity is especially remarkable,
since by putting ¢ = 0 we hence deduce

M—l—l—l—l—l—l—l—l—i—
“m 1-m 14m 2—-m 24+m 3—m 3+4m

the sum of which series I already once showed* to be

7T COS MTT
sinmm

whence we deduce this elegant comparison

mcosmm [ x™dx(1—x)72"
sinmm [ am1dx(1—x)m’

/x’”dx(l —x)" 1=

which is further reduced to this one

(1-m)mwcosmm [ x"dx(1— x)2m
sinmr [ xmdx(1 —x)=m

/xmdx(l —x)" =

or to this even more convenient one
2mmcosmm [ x™ldx(1—x) 72"

sinmm [ xmldx(1—x) ™

/xm_ldx(l —x)m!

COROLLARY 1

§26 Therefore, lo and behold these extraordinary theorems the expansions
of this example give us; the first of these theorems is:

4Euler gave this series in his paper “De seriebus quibusdam considerationes”. This is E130 in
the Enestrom-Index.
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If ¢ denotes an arbitrary angle, it will be

mcosmm _ cosme cos(l—m)p cos(1+m)p cos(2—m)p
sinmmt  m 1—m 1+m 2—m

+ etc,,

which equality can also be exhibited in such a way that it is

7T COS MTT < 1 2mcosg 2mcos2¢ 2mcos3¢ >
————— =cosm@p| — — — — — etc.

sinmrt 1—mm 4 —mm 9 —mm

sin ¢ 2sin2¢  3sin3¢ = 4sin4g et
1—mm 4—mm 9—mm 16 —mm )’

-2 sinqo(

whence, if it is
me =90 = g and hence ¢ = i,

it will be

s T s 21 s 3 s 4
7mmecosmmr  sing 2 sin S 3 sin St 4sin St
—— = + + etc.
sinmrt 1—-mm 4—mm 9—mm 16— mm

COROLLARY 2

§27 The second theorem can be formulated this way:

If ¢ denotes an arbitrary angle, it will be

ngpcosmm _ sinmg  sin(l—m)gp i sin(l+m)p  sin(2—m)gp +ete
sinmm  mm (1—m)? (1+m)? (2 —m)? '

Hence having taken ¢ = 7t it will be

TTTTCOSMTT sinmn_ sin m7t B sin m7t n sin m7t n sin m7t  ete
sinmrt mm 1-m)?2 (1+m? 2-m)?2 (2+m)? '
or
TTTT 1 1 1 1 1

sinmrtanm m2  (1—m)2  (1+m)? + (2 —m)? * (24 m)?

But having put
me =1
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one will have

77T COS MTT sin % sin % sin 2—” sin 2—” et
= - - etc.
m sin mm (1-m)> (1+m)? (2- m)2 (24 m )
or this way
7TTT COS M TT 1sin & 2sin 22 3sin 32
= "+ m__ 4+ m__ + etc.

dmmsinmr (1 —mm)?  (4—mm)? (9 — mm)?

COROLLARY 3

§28 The third theorem concerns the comparison of integral formulas and
can be stated this way:

If the integration of the following formulas is extended from the lower limit
x = 0 to the upper limit x = 1, it will always be

/xm_ldx(l —x)" L. / " ldx(1—x)" = 2 cos mmt / X" dx(1—x) 72,

sin m7t

or if one puts m = 2 and x = y", it will be

/ /\ 1dy / /\ 1dy 27'(COS / A 1d]/
V(1 yn=A V(1 B nsin A% V(1 —ym)2h

SCHOLIUM

§29 The proof of this last theorem seems to be very difficult; nevertheless,
using the results I once published on integral formulas of this kind>, it can be
shown to be true as follows. For, let us indicate, as I did there, this integral
formula

| i

V(1 —y")ra

5Euler refers to his paper “Observationes circa integralia formularum [ xP~!dx(1 — x”)%*1
posito post integrationem x = 1“. This is E321 in the Enestrém-Index.
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by this character (%) and it is to be demonstrated that it is

A A _27TCOSA77T A
A n—AJ) nsin%r n—2A)"

Now, first I demonstrated, if it was

q+r=mn,

. - . g
r nsim 7

whence it immediately follows

that then it will be

(A)_/ v'“1lidy @ on
n—\A) \”/(1—y”))‘_nsin)‘n—”’

so that it remains to prove that it is

But on the same occasion I showed, if it was

pra+tr=n

1 py_ 1 py_ 1 q
sin 7t \ g _sin% r _sin¥ r)

Therefore, let us take

that it will be

p = /\, q prmd /\
and it will be
r=mn-—2A;
hence, because of
(n—2\M)m . 2Am
sin = sin ,
n n

we conclude

1 (A 1 A
sinz/\T” A) sin\n—21)’

n
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so that because of

2ATT ATT ATT
sin —— = 2sin — cos —
n n n

M e (A
)\_Cosn n—2A/"

But a lot more strange theorem was found above (§ 28), which for the same
limits of integration says that it is

nl
'71 /”dxl—x /dx/ dx
sinnm 1—x2”
s o1 /dx ”1dx'
ZSinnn/ dx(1 (1—x)2’

to reduce this equation to that form, let us write 2 & instead of n and let x = ",
whence it is

it indeed is

or

/ )\ 1dy /dy/ /\ ldy
2nsm)‘” (1 —yr)n—2 Y(1—y

But we just saw that it is

/ /\ 1dy AT y/\fldy

and so via the theorem we conclude that it is

/ /\ 1dy /dy/ A 1dy
ntanm V(1—y V(1l—y

and hence further this not less remarkable theorem

v 1dy yA 1dy logy
ntan AT M

whence for A = 1 we find the following proportion

T s dylog%
—:tan—:/

. dy
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PROBLEM 3

§30 To find an equation of such a kind (for a curved line) between two variables, the
abscissa x and the ordinate y, that to the abscissas taken in an arithmetic progression
given ordinates correspond, namely:

If it is
x=mnf, (n+1)0, (n+2)0, (n+3)0, (n+4)0, etc.
that it is
y=rp, q, 7, S, t etc.
SOLUTION

Let us put in general
x = fw

and from the general solution given in § 10 we obtain this equation

y_p ‘(n+1—w)(n+1+w)‘(n+2—w)(n+2+w)'(n+3—w)(n+3+w)‘etc

w n 12n+1) 2(2n+2) 3(2n+3) '

P (n—w)(n+w) '(n+2—w)(n+2+w)'(n+3—w)(n+3+w)‘etc

n+1 12n+1) 1(2n +3) 2(2n+4) '

LA (n—w)(n+w) '(n+1—w)(n+1+w)'(n+3—w)(n+3+w)‘etc

n+2 2(2n+2) 1(2n +3) 1(2n +5) '
—etc.,

which equation for the sake of brevity we want to represent this way

Y_g P . 4 r s

. . D 1oetc:
w n n+1+C n—+2 o n+3—|—ec,

and in order to find the value of 2 from the general form mentioned in § 17
we will have for this case

a=n+1l—-w, b=1, c=n—w and d=1,
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whence by means of integral formulas to be extended from the lower limit
z = 0 to the upper limit z = 1 we conclude

[dz(1—z)"e b 1

A= [z ‘Udz(l z)i—w=1 " (n—w) [zr-@dz(1 —z)n-w-1

or
2

(n—w) [zr—w~1dz(1— z)”*“’*l;
having conceded this integration the remaining ones are easily handled. For,
using it it will be as above in § 17

A =

B w)(n+ w) 2n+1)(n —w)(n+ w)
A (n+1— )(n+1+w)'(2+2n)_ n+l—w)(n+1+w)’
¢ (m+l-w)(n+l+w) (1+2n)(2+n)

B (n+2—w)(n+2+w) 2(n+1) '

D (n+2-w)(n+3+w) (2+2n)(3+n)

¢ (m+3-—w)(n+3+w) 3n+2) '

€& (m+3-w)(n+3+w) (3+2n)(4+n)

D (m+4-—w)(n+4+w) 4(n+3)

etc.

Therefore, let us set the integral formula
/z”""’ldz(l — )Tl = A,

that it is
2
(n—w)A’

and the remaining coefficients will be defined by 2 this way:

A =

2(n+1) nn — ww

B = 1 .(n—l—l)Z—wa['
(’:_2(71—1—2)(211—1—1)‘ nn — ww
1-2 (n+2)2—ww
@_2(71—1—3)(211—1—1)(271—}—2)‘ nn — ww
1-2-3 (n+3)2—ww "’
@_2(n+4)(2n—|—1)(2n+2)(2n—|—3)‘ nn — ww
1-2-3-4 (n+4)? —ww
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etc.

Therefore, the equation in question between y and x = 6w will be of this
nature:

nly __p _2n q
2m+ww m-—ww 1 (n+1)?2—ww
2n(2n+1) r _ 2n(2n+1)(2n +2) s + etc
1.2 (n+2)? — ww 1-2-3 (n+3)? —ww 7

whence for each value of x = dw a corresponding value of y is defined in
terms of the ordinates p, g, r etc., which are assumed to correspond to the
abscissas n6, (n+1)0, (n + 2)0 etc. Here it has certainly to be noted, if w is
taken equal to a certain term of the progression n, n + 1, n 4 2 etc., that then
the denominator of the given corresponding ordinate vanishes, so that with
respect to the term, which is certainly infinite, the remaining ones vanish. But
then at the same time also the value A becomes infinite and precisely of such
a kind, that it then either is y = p and y = q or y = r etc., as the nature of the
question demands it.

COROLLARY 1

§31 If the propounded abscissas denote circular arcs, the ordinates on the
other hand their sines, that it is

p=sinnd, g=sin(n+1)0, qg=sin(n+1), r=sin(n+2)0, etc,
it will be
y = sinwb,
whence this general equation results

nAsinwf  sinnf 2n  sin(n+1)0  2n(2n+1) sin(n+2)6

2(n—|—w)a)_nn—ww_T.(n+1)2—w2+ 1-2 (n+2)% —w?

2n(2n+1)(2n+2) sin(n+3)6

1-2-3 (n+3)2—w

where it is especially remarkable that the three letters, n, § and w can be
assumed arbitrarily.

5 + etc.,
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COROLLARY 2

§32 Therefore, if we take
0=,

that all sines of the series are reduced to the same sin n#6, it will be

nAsinwd 1 L 2n 1 2n(2n+1)
2(n+w)wsinnt  nmm—ww 1 (n+1)2—w? 1-2 (n+2)2—
2n(2n+1)(2n +2)
. tc.
123 37—t e

Hence, if it is

n= % und A = /z’w’%dz(l _z)"w"2

or
_ 2/ 22 “’dz
1 - z
one will have
Asinwm 1 N 1 n 1 . 1 et
8(1+2w)w 1—4w?  9—4w?  25—4w? 49 —4w? 7
the sum of which series I showed to be®
-t tanwrt
- 8w ’
so that it is
Asinwm itanwﬂ
8(1+2w)w 8w
and hence
A= (14 2w)m
COS WTT

®Euler shows this for the first time in E41.
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SCHOLIUM 1

§33 But it is not possible to trust these conclusions too much for the reason
mentioned above already. For, having put the ordinates

p=sinnf, g=sin(n+1)0, r=sin(n+2)0 etc,

while the arcs n6, (n +1)6, (n 4 2)6 etc. are considered as abscissas, the found
equation certainly yields a curved line passing through all these points. But
hence it does not follow that this curve is the sine, since infinitely many other
curved lines passing through that same infinitely many points exist. Therefore,
still using the letter y to indicate the ordinate corresponding to the abscissa
x = Bw our solution gives this equation for the curve in question

nAy _ sinnd  2n sin(n+1)0 | 2n(2n+1) sin(n+2)6
2n+w) m—w? 1 (n+1)2-—w? 1-2 (n+2)2 — w?
2n(2n+1)(2n+2) sin(n+3)¢ 4 etc,
1-2-3 (n+3)? —w?

so that to the abscissa
x=(n+1i)

this ordinate corresponds
y = sin(n +1)6,

if i is an arbitrary integer. On the other hand it could also happen, that
for other abscissas, where i is not an integer number and hence generally,
if x = wb, the ordinate is not y = sinw. To see this more clearly, let us
investigate the general equation for completely all lines passing through given
points, and let the value found up to now be

y=0
and find a function vanishing for all given abscissas, of which kind this is

(n+1)*—a?) (n+2)* — w?) (n+3)* — w?)

wlnn = ww) =m T 2(2n +2) 3(2n + 3)

etc,,

which by means of the things mentioned above is

2w(n+ w)

=w(nn —ww)A = N
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Call this quantity = (2 and let f : () be a function of () of such kind, which
vanishes, if () = 0, and the general equation for all satisfying curved lines will
be
2w(n +w
y:®—|—f:Q:G)+f:(A )

And now without any doubt it is certain that in this equation the equation
y = sinw#f is contained having put x = w0, since this equation satisfies all
prescribed conditions. So it could certainly happen that the equation y = ©
was different from this one y = sin w0; this depends especially on the values
attributed to the letters 6 and 7, so that in the one case the found equation
y = O agrees with this one y = sin w6, but in others differs from the same.

SCHOLIUM 2

§34 We want to apply these results to the case, in which it is

1
0 = = —
nm and n >
and )
5—w
ponf Fa
(1 _ Z)§+w
and since the sum of the found series is
= tanwm
- 8w
one will have this general equation
Ay T A w(1+2w)
J = :
80 1 20)w 8w Tt ga 0 T 2A
o 1+2 1+2
_TAH20) o f e W20

A 2N

where the added function in general is of such a nature that it vanishes in the

cases

1 3 5
w =20, w_ii' w—:l:E, w—jzé etc.

of which kind these formulas are

sin2wm, wcoswm, likewise sin2iwm and wcos(2i — 1)wrr,
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while 7 denotes an arbitrary integer number; hence it is possible to combine
any arbitrary number of these formulas. Therefore, a certain function of this
kind will be given, which we want to put ¢, that it is

Yy = sinwm
and hence
) (1 +2w)
SINWwmr = ———tanwm + ¢
A
or )
A= (14 2w) tanwm 2/ z27%dz
- sinwm—¢ (1—z)3te’
Therefore, since in the case w = 0 the function ¢ certainly vanishes, it will

be © = A, of course, which is an indication that the function ¢ contains w™,

whose exponent A is greater than 1, since otherwise the quantity ¢ would not
vanish with respect to sin w7 for w = 0. And for this reason the conclusions
of the preceding problem are to be considered to be true.

PROBLEM 4

§35 To find an equation of such a kind (for a curve line) between the abscissa x
and the ordinate y, that to the abscissas proceeding in an interrupted arithmetic
progression given ordinates correspond, namely

x =nb, (1—mn)o, (1+mn)0, (2—-mn)o, (2+mn)0, (3—mn)0

to

y=r q, r, 5, t, u
SOLUTION

Let us in general put the abscissa
x = 0w

and for the equation between x and y let us assume this equation

Y _o.P o, 4 L L
cu_mn B 1—n+¢ 1+n o 2—n+q3 24+ n 33_n+etc.
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and applying the results of § 25 to this case one will have

A — (1-n—w)(1l-ntw) (A+n—w)(l+nt+w) (2-n—w)2-—n+w) 2+n—w)2+n+w)

T ) s 1 e 7) R e 77) T 6 w77 L
B (n-wntw) 1-n € _ (I-n-w)(l-n+tw) l4n
A (A-n—w)(1l-n+w) n B (A+n—w)(l+n+w) 1—n
9 _ (+n-—w)(l+ntw) 2-n & (2-n-w)2-n+tw) 2+n
¢ Q2-n—-w)@2-n+w) 1+n ® Q+n-w)2+n+w) 2—n

etc.

Let us expand the value of 2 into two products

(I-n-w(l-n+w) 2-n-w)2-n+w) B-—n-w)3-—n+w)

¥= 1(1—2n) 2(2 = 2n) 3(3—2n)
O (I+n-w)(l+n+w) 2+n-—w)2+n+w) B+n—-w)B+n+w)
N 1(1+2n) 2(2+2n) 3(3+2n)
that it is
2A =P,

and let us define the value of both by means of integral formulas according to
the prescriptions given in § 17. And at first for the infinite product 3 let us set

a=1-n—-w, b=1, c=-n+w and d=1

and it will be
[dx(1—x) 1w 1 1

xredy(1—x) 1m0~ w—n [xn-odx(l— x)-1-ntew’

B =
J
if it is
w—n>0.
For the other infinite product only by taking n negatively it will be

1 1
T wtn [ xn—wdx(1 — x)rte-1

But that the condition w — n > 0 is not necessary, let us use another distributi-
on and let
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lI4+n+w(l-n—-w) +n+w)2-n—w) B+n+w)B—n—w)

¥= 1-1 ' 2.2 ' 3.3 ete,
_(+n-w)(l-n+w) R+n-—w)2-n+w) B+n-—w)B-—n+w) ;
T (I-2m)(1+2n) (2—2n)(2+2n) B-2n)(3+2n) o

and let is set for 3

a=1-n—-w, b=1, c=n+w, d=1,

for Q on the other hand

a=14+n—-w, b=1-2n, c=n+w, and d=1
and it will be

[dx(1 — x)tHnte 1 1

¥ = [ xnmwdx(1 — x) " Hntw T hntw [ xrmwdx(1 — x)-THnte’
. f x—anx<1 _ x)71+n+cu
~ [anedx(1 — x) - Hnte?
But it will be
/xmdx(l —x)k = m—'—:ﬂ/xmdx(l —x)k,
therefore

1
/x*”""dx(l — x) e — T /x’”""dx(l — x)"tw

1 n+w —n—
=n+w/y+ dy(1—y) ",
/x2ndx<1_x)1+n+w:1;j_—:)w xfzndx(l_x)wrw
l-n+w n+w —2n
W/y+ dy(1—y)~™,

1+2n

/xn—wdx(l _ x)—l—i—n—i—w —_ xn—wdx(l _ x)n—i—w

n—+w
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_1+2n n+w _ 4 \h—w
=t w Y -y

whence it is concluded

(1-n-w) [y"*rdy(1 —y)>"

AerR s Jyrtedy(l—y)-mte fyrredy(l—y)e
or
o fyn-i-w—ldy(l _y)—Zn
fynerdy(l _ y)fnfw . fynJranldy(l _ y)nfw
or

_ f yn+w—1dy(1 _ y)—Zn .
(Tl + w) fyn-i-w—ldy(l _ y)—n—w . fyn+w—1dy<1 _ y)n—w
Therefore, since it is

%:1—11‘ nn — ww 2, ¢:1+n. nn — ww ’
n  (1-n)?—-ww n  (14+n)?—-ww
@ZZ—n‘ nn — ww 2 €:2+n' nn — ww
n  (2-n)?-ww n (24n)?—-ww
etc.,

by means of a convenient series it will be

y p (nn — ww)q (nn — ww)r (nn — ww)s
Aw n n((1—n)? — w?) + n((1+n)? — w?) a n((2—mn)?—w?) et

or

ny p q r

= - — etc.
Aw(nn —ww  n? — w? (1—n)2—w2+(1+n)2—w2 ere

But by substituting the integral formula for 2 again, where for the sake of
distinction I will denote the new variable by the letter z, this same series is
equal to this expression

ny f Zn+w—1dz(1 _ Z)—n—w . f Zn+w—1dz(1 _ Z)n—w
(n—w)w [ zrte-1dz(1 —z)~ 2 ’

and the integration of these formulas is to be understood to be extended from
the lower limit z = 0 to the upper limit z = 1.
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COROLLARY 1

§36 Therefore, if for the sake of brevity we put this general integral formula

[ZMTeTldz(1—z) @ [zrerldz(1 - z)e

=A
J‘Zn+w—1dz(1 _ Z)—2n

and resolve the single terms of the series into two terms, we will have

M_+ P__ 1 4 — ° —etc

n-w n-w 1-n-—-w 14+4n—w 2—-n-—-w 24+n—w ’
p q r S t

- + etc.

n+w+1—n+w_1—l—n+w+2—n+w_2+n+w

COROLLARY 2

§37 Therefore, this equation defines a curved line, in which to the abscissas
x=0, no, (1—n)o, (1+n)o, (2—n)o, (2+n)6 etc.
these ordinates correspond

y=0, p q, r, S, t etc.,

but to the same abscissas taken negatively the same ordinates taken negatively
correspond. But in general here the abscissa was put x = fw.

COROLLARY 3

§38 Since here the letter 6 goes out of the calculation, it would be possible to
write simply 1 for it, so that the letter w denotes the abscissa itself. But if we
want to make the application to arcs and their sines, it is convenient to keep
the letter 6 in the calculation.

SCHOLIUM

§39 The use of this problem is especially seen, if as above the abscissas are
considered as circular arcs and the given abscissas are taken in such a way
that the ordinates p, g, 7, s, t etc. become equal to each other, whether positive
or negative. Therefore, that it becomes clear in these cases, whether the found
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series can be summed from elsewhere, recall, what I once published on similar
series”, whence the sums of the following two series are calculated

11 1 1 1 on
uc_,B—a+ﬁ+a_2ﬂ—a+2ﬂ+a_etc'_,Btan%'
11 1 1 1 7
v B—a Bra 2p-a 2p+a 7 psinig

Therefore, hence for our problem we deduce the following four summations

I r ot v v e
" on—w l-n4w 14+n—-w 2-n+w 24n—-w " tan(n —w)’
mo ! S I e —
n-—w l-n+w l4n—-w 2-n4+w 24+n—w sin(n — w)m’
1 S S S 7
n+w l-n—-w 14+n4+w 2-n—-w 24+n+w tan(n + w)’
AVA S S S S S
n+w l1l-n—-w 14n+w 2-n—-w 24+n+4w sin(n +w)m

Having observed these things let us expand the cases, which can be reduced
to finite expressions by means of these summations.

EXAMPLE I

§40 Let the ordinate corresponding to the abscissas

x=0, nf, (1-n)f, (1+n)d, (2—n)d, (2+n)d etc
be
p:f, q:f, r:—f, S:—f, t:—i—f/ u:+f etc.

and by means of a finite equation investigate the relation between the ordinate y and
the abscissa x = fw.

7Euler refers to E130 again.
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SOLUTION

The first corollary for this case yields this equation

mAy 111 1 1
fn-w) n-w l1l-n-w l4+n-w 2-n—-w 2+n-
1 1 1 1

_n+w+1—n+w+l+n+w_2—n+w_2+n+w

+ etc.;

these two series can be reduced to II. minus IV. from the four series mentioned
above, whose summation is known, and hence the equation in question in

finite form will be

2n Ay T s

f(n—w)  sin(n—w)mr  sin(n+w)r’

which expression is reduced to this one

27T COS N7T SIN W 7T 47t cosnrt - sin wit

sin(n — w)m-sin(n +w)m  cos2wrm — cos2nt’

so that for our curve one finds this equation

nAy 7T Ccos Nt sin wrt

f(n—w) sin(n—w)m-sin(n+w)n’

We gave the value of A expressed in terms of integral formulas before; but

since from the results mentioned above it is
B 1
C An+w)’

by means of an infinite product we will have

1 1(1—2n) 1(1+2n) 2(2 —2n)

2(2+2n)

Tntw (1-n)P—w? (14nP—w? 2-nP—w? 2+n?—w?

7

where it is more clear than from the integral formulas that the value A

becomes infinite, as often as it was

w==x(itn),
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while i denotes an arbitrary integer number, but the same value A vanishes

in the cases, in which it is

1
S
=3

But then it will also be helpful to have noted, if, while w goes over into 1 + w,
the value of A goes over into A\’

(1-—n—-—w)A
n—uw '

A= —

And if in like manner A" corresponds to the value 2 + w assumed instead of
w, it will be

-2-n4+w)A —-2-n+w)A

"o
A= —-1-n+w) n—w

COROLLARY 1

§41 If the quantity /A depends on w, consider a function of it and denote it
this way

A=f:w;
therefore, it will then be
: =0 :
and 5
n—2—w
f.(2+w)—ﬁf.w
etc.

Hence, if w denotes an arbitrary integer number, one will have this theorem

f:(i—i—w):f:w'

n—i—w n—w




COROLLARY 2
§42 Further, since having taken a negative w it is

_n+w

fil-w) =220,

n—uw

it will be
fi—w frw

n—+w n—w

hence also in general
fili-w) f:cu.

n—i+w n—uw

SCHOLIUM

§43 This case corresponds to that one we expanded above in § 25, where the
given ordinates also were the sines of the abscissas; and for the present case
one has to put

0=rm,

that it is
f =sinnm

and all given points lie on sine-curve. But hence it does not follow that the
curve the found equation exhibits is a sine, since innumerable other curves
can pass through the same given points. Hence it is still certain that the value
of y corresponding to the abscissa x = 7rw and defined by this equation

nAy TTCOS NTT - Sin w7t

(n—w)sinnw  sin(n — w)m-sin(n + w)m

becomes equal to the sine of the arc 7w that it is y = sin 7rw, even though this
is true in the cases w = £ (i £ n) and w = 0. But above we certainly saw that
even in the case, in which w is a very small quantity, the equation is true by
taking y = sin 7tw, so that it is
T COS NTT
AN=——-—,
sinnrt

while it is
[z dz(1—2z)™" [z 1dz(1 —z)"

N\ =
[zt1dz(1—z)=2" ’
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as I also showed there. In order to be able to explore this subject more easily
in general and to express the value A more conveniently I observe that it is

[zre ldz(1—z)" @ [z97"dz(1—z) "¢

= (1-2n) /z“””dz(l —z) ",

[zrte-ldz(1—z)=2r —  [dz(1—2z)"2"
while it is 1
n < E,

whence it will be
A = (1-2n) /z“"”dz(l —z) " /z”*“’_ldz(l —z)",
But if it was in general
Yy = sinwr,

it would also be )
(n — w)rsinnrcos nrt

nsin(n — w)m-sin(n + w)

Therefore, the question reduces to this, whether this equation
(1—2n) /z‘“_”dz(l —z) ", /z”+‘“—1dz(1 —z)" v

_ (n—w)msinnmcosnm
~ nsin(n —w)-sin(n + w)

is also true in other cases than the ones mentioned above or not. Hence let us
consider the case, in which it is

1 1
n=q and W=z

where right-hand side becomes

I
SR

the left-hand side on the other hand will be

/ zidz / z-idz
T2 1—z (1—z2)s ’




which having put

goes over into this form

g / vtdo / v’do 4 / do / vodo
va-op ) ya-a ) ya-ey S va-oay
whose value using the results I demonstrated on formulas of this kind indeed

becomes = 7t, which therefore is an indication for our equation being true;
but it can be proved to be true in the following way.

THEOREM

§44 However the two numbers n and w are assumed, this equation is true

w—n n+w-—1 _ . ]
(1_2n)/(z dz / z dz (n — w)msinnr - cos nmw

I—z)yte | (1T=z)9n  psin(n—w)n-sin(n + w)n’

if the integration of those formulas is extended from the lower limit z = 0 to the upper
limit z = 1.

PROOF
To reduce these formulas to a form I treated, let us put

K

n+w:X and w—n:X,
that it is
w—v
2n =
TR
and then this equation has to be proved
/\—y+v/ zidz / Fdz v msin
A V(1 —=2z)# wA/(l—z)V_y—l/ sin%-sin%'

Now put z = v* and one will have

— _ . 1—V
oMr-1dyp / v 1do v msin B

A= ) Ya=oy  p—v sinE.sin &

AM—y+m/
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and in the way we expressed these integral formulas there the left-hand side
will be represented this way

wnon(122) (),

which by means of the first reduction

(5) = ()
() (75) = (57) (57)

But this reduction on the other hand
(A—q)()\+p—q): T
p q Apsin LT

p=u—v and g=u
</\—y></\—1/>_ T
U—v wo)  Mp—v)sin

</\ - 1/> o
v A sin ©F
whose product is

(A—v)()\—v)()\—y)_ T
1 v p—v) AA(u—v)sinET -sin U

Further, since it is in general
p\(p+a) _ (p\(ptr
q r r q )

p=A—-u, q=u—v, and r=v

goes over into

having taken

gives

But it also is

by taking
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it will be

and because of

(7)o
p Asin ET

p=p—-v
=) () - (1) 5
p—v v v Asin =
and hence

</\—1/> <A—y> s B s _
U v }\Sin%n_/\)\(y—v)sin%-sin%'

hence the left-hand side reduces to this form

A (/\—;4) (/\—1/) v msin B
v = . ,
v U U—v sin%-sin%

which is the equation to be demonstrated above.

having taken

it will be

COROLLARY 1

§45 Therefore, in the doctrine of integral formulas of this kind

/ P~ 1do
VT

and (S) is equivalent to, the following reduction I proved is very important,

A </\—pt> </\—1/> v msin B
v = : ,
v n p—v sinE5.sin 4t
50 that the product of such integral formulas, (2-£) (A;V), can be exhibited
using only angles.

namely
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COROLLARY 2

§46 If in the value found first for /A one in like manner sets

n+a):E and w—nzz,
v A

but then

it will be

v 1do v 1do ' v 1do
S = b = =

and hence in the notation we introduced it will be

A M) )
(=)
or NN
A
A= (/\7;!+1/)
M
Therefore, the same value also is
v sin B2

AN =

—V ein BT v
p—v sin5=-sin ¥

COROLLARY 3

§47 Therefore, since for this last formula it immediately is

<A—y> B T
U /\sin%'

it will be
(%) v sinbEa
(W)_y—v. ST

which formula is shown to be true applying the following theorem

(5 _ (7).
G (=
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for, it will be
A—
() _ G v GS)

(=) ) v G

because of

A+v _v( v and A+pu—v\ u—v p—v o\
A—v) A\A—v A—u+v) A \A—pu+v)’

it then is

v\ 7w nd w—v \_ 7w
A—v)  AsinZ A—p+v)  Asintln

EXAMPLE II

§48 Let the ordinates corresponding to the abscissas

ng, (1—-n)o, (1+mn)d, (2-—n)s, (2+n)d etc
be
p=f q=—f r=+f, s=—f t=+f u=—f etc,

and by means of a finite equation investigate the relation among the abscissa x = 0w
and the ordinate = y in general.

The general equation of paragraph 36 applied to this case yields

moy _ Lo, v, 1 1 1 L
fn-w) n-w l1l-n-w l+n-w 2-n—-w 2+n-w '
1 1 1 1 1

- - - - — — etc.,
n+w l-n+w 14+4n+w 2—n+4+w 2+n+w e

where we now certainly know that it is

B (n —w)msin2nm
~ 2nsin(n — w)m-sin(n +w) 7T’

But that series from § 39 becomes

. T T 7Tsin 2wt
I. minus III. = — = = ; ,
tan(n —w)m  tan(n+w)m  sin(n —w)m-sin(n+w)
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after this sum was substituted

y mtsin2n7 B 7Tsin 2wrt
f sin(n—w)m-sin(n+w)r  sin(n —w)m-sin(n + w)m

or ,
fsin2wm  fsin =G
~ sin2nmm sin2nm

Therefore, this curve again is a sine, and if one takes 6 = 27, that it is
f = sin2n7, the ordinate will be y = sin x.
COROLLARY 1

§49 If one takes
=mn and f=tannf = tannr,

the given points will lie on a tangent-curve; and nevertheless the found curve
itself will not be tan x; but its nature will be expressed by this equation

tannst - sin2x sin 2x sin 2x
 sin2nmw 2cos?nm 14 cos2nm

and here it will be y = tan x, as often as it was x = £(i & n)m.

COROLLARY 2

§50 If in the solution of the first example, in which it was

p:f, q:f, r=-—71, S=—7J, t:f/ u:f etc‘/

we would have substituted the found value for A immediately, this equation

would have resulted
_ fsinwm

sinnm
Hence it would have been perspicuous that having taken § = 7w and f = sinnm
the curve itself will be a sine-curve.

54



SCHOLIUM

§51 It especially deserves to be mentioned that in problem 4, where the
given abscissas constitute an interrupted arithmetic progression, the value
of the quantity A can be exhibited absolutely in terms of angles, although
nevertheless in problem 3, where the given abscissas constituted a true arith-
metic progression, the integral formula A in general cannot be expressed in
terms of angles by any means. For, since there it was

A= /z”_“’_ldz(l —z)mel

this formula having put n — w = ¥ and z = v* goes over into

v—1
A:A/Udv or Az)\(v),
A (1 _ vA)A—v v
which formula can involve highly transcendental formulas. If in that problem
the given ordinates are set

p=f, q=—f r=f s=—f, t=f, u=—f et

and it is n = , the equation for the curve passing through these points will

be
Ay 4 4 4

20 1 20)wf  1—dow 19— dww T 1- 4w

+ etc.
w

or

by
2fw(1+2w) 2w ’

such that it is
nf(1+2w)tanwm

A 7

whence, even though one takes
1
f=mn and f=sinnd = sin§7r =1,

it manifestly does not follow that it will be y = sin fw = sin w. Since in the
tirst example it is already certain that it is

fsinwrm
- sinnm
let us expand the same case of the first problem in such a way that we
investigate the values of the single coefficients A, B, C, D etc.
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PROBLEM 5

§52 To determine the general equation constituted above in Problem 1 in such a way
that to these abscissas

x =nb, (1—n)b, (1+mn)o, (2—n)o, (2+n)6 etc.
these ordinates correspond
y=+f, +f, - f, —f, + £, etc.,

SOLUTION

As before set x = 0w and consider the equation in question expressed in this
form

y = Aw + Bw(ww — nn) + Cw(ww — nn) (ww — (1 —n)?)
+Dw(ww — nn)(ww — (1 —n)?)(ww — (14 n)?)
+Ew(ww — nn)(ww — (1 —n)?) (ww — (1+n)?)(ww — (2 —n)?)
+etc,

whence these equations are deduced

f — A

n

f =A +B-1(1-2n)

1—n ’

-f _ 101 — . 9.
l+n_A +B-1(1—2n) +C-(1+2n)-2-2n,
Z__fn:A +B-1(1—2n) +C-2(2—2n)-1(3 —2n)

+D-2(2—-2n)-1(3—2n)-3(1 —2n)

etc.

and hence the following values of the coefficients

-
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_ f
b= 24n(1—n)(14+n)(2—n)(2+n)

since this progression is rather simple, our series for the value of y, which we
already found to be

etc,;

fsinwm
sinnm '
deserves even greater attention

sinwn . w W ww-nm  w ww-—nn ww-—(1-n)?

sinnt n n 1(1—-n)  n 11-n)  2(1+n)

w ww—nn ww—(1-n)?* ww-—(1+n)?
-=. : : +etc,
n 1(1—-n) 2(1+n) 3(2—n)

or if IT always denotes the preceding term, the whole expression will be

. B Y B 5
sinwn._ w _ g ww—nn o ww (1—n) L ww (1+n)
sinnmt  n 1(1—n) 2(1+n) 3(2 —n)
ww — (2 —n)? ww — (2 +n)?
. YT YO T e
+ 42+ n) 53_n) o

Simplifying this expression in such a way that all terms have the same sign, it
will be

—— = —+
smnist n

—n) "7 10-n)  2(+n)
nm-—ww (1-n)—-ww (1+n)-ww

sinwnr w  w m-ww w nmm-—ww (1-n)?-ww
n

0= 20 +n) 3(2—n)
+g‘nn—ww'(1—n)2—ww‘(1+n)2—ww‘(2—n)2—ww
n 1(1—n) 2(1+n) 3(2—n) 4(2+n)

etc.

Therefore, this series seems to be even more remarkable, since it recedes from
the usual form of a series and even the two arbitrary numbers n and w occur
in it.
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COROLLARY 1

§53 If the number w vanishes, that it is sin w7t = w7, having divided by w
one will have the equation

T 1 n n(l—n) n(l—n)(1+n)
: =—+ + +
sinnmt n 1(1-n) 1-2(14n) 1-2-3(2—n)
n(l—n)(1+n)(2—n)
tc.,
1232y T
whence for n = 1 because of sin Z = 1 it will be
n_2+1+1-1-2+1-1-32 1-1-3-3-2 1-1-3-3-5-2 4 etc
N 2-4-3 2-4-6-3 2-4-6-8-5 2-4.-6-8-10-5
or
SO SN I - NI S A R S N ———
2.21.3 "' 2.4.22.5 2.4.6-25-7 2-4-6-8-827-9 '
14 1 n 1-3 n 1-3-5 n 1-3-5-7 + ete:
2:22.3 2.4.24.5 2.4.6-20.7 2.4.6-8-828.9 v

since the second of these series is the half of the first, the sum of the second
will be = Z; the reason for this follows from this equation

3 1- 7

/dx—arcsinx—x+ £+—3 £5+1-3-5 £+etc
VI—xx T2 3724 5 "2:4.6 7 K
whence that series becomes = @ for x = % and hence :2% = %

COROLLARY 2

§54 If the other number n vanishes and it is sinn7t = n7r and the equation
is multiplied by #, this equation will result

sinwrt W W (wr-1) P -1)(w?—-1) W (w?—1)(w?—1)(w?—4)

T Y77 + 1-2-12 1-2-3-12-2 1-2-3-4-12.22

W (w? —1)(w? —1)(w? — 4)(w?* — 4)
N 1.2.3.4-5.12.22.3 +etc,

which series divided by w is resolved into the following two

sinwm 1+w2(w2—1) +w2(w2—1)2(w2—4) w?(w? — 1)} (w? — 4)*(w? - 9)
wT 1.2.12 1-2.3.4.12.22 1.2.3.4.5.6-12.22.32

+ etc.
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W W (w? —1)? - W?(w? — 1) (w? — 4)? - W (w? — 1)2(w? — 4)2(w? — 9)?
1

1 .2.3.4.5.6.7.12.22.32.4_etc‘

1 1-2-3-12-2 1-2-3-4-5.12.22.3

Let us set w = % here; it will be

2_1 1-1-3 1-1-.3-1-.3.5  1.1.3-1-3-5-3:5-7 _ et
T 1-1-1-2> 1-1-1-2.2-.2.210 1.1.1.2.2.2.3-3.3.2D '
11 1-1-1-3.1-3  1-1-1-3-1-3-3-5-3-5 ~ete
2 1.1-1-2-2-3-26 1-1-1-2-2-2-3-3-4.5.210 K

which last series can be represented this way.
1 1.1.2.3 1-1-3-3-3:5  1-1-3-3-3-5-5-5-7 et
2 1-1-2-27 1-1-2-2.2-3.212 1.1.2.2.2-3-3-3-4-2V '

COROLLARY 3

§55 Ifitwasn = % that it is sinnt = 1, the factors, from which the single
terms of the series must be formed, will be

2w 1—4ww 1—-—4ww 9—4ww 9—4ww 25—4ww 25—4ww

1T 1.2 34 36 58 510 712 o

and the sum of the series will be sin w7, namely

20(1 —4ww)  2w(l —dww)? 2w(l —dww)?(9 — dww)

St =20+ —— o ——+— 53 T 1-2-3-4-5-6

+etc.;

hence for w = 1 it must be

3 5 5 7 7 9 5-9

=2
0 3+22+23-3+26-3+27-3+29-5+210-7+214‘7

+ etc.,

and this equation will immediately be seen to be true by actual calculation.

SCHOLIUM

§56 For this case also the solution found should be considered with more
attention; recalling the results of § 36 because of

(n — w)msin2nm
A= . . T
2nsin(n — w) 7t - sin(n — w) sinnrm
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since it is
p:f, E]:f, V:—f, s=—f, t:f, u:f etc"
this solution is contained in this equation

7T COS NTT - SIN W 7T
wsin(n — w) 7 - sin(n + w) 7

1 1 1 1 1
_ _ — tc.;
m—ww (1-—n)—w? (1+n)—w2+(2—n)—w2+(2—|—n)—w2+ec

this series deviates a lot from the one we just found. But I observe the followi-
ng things on this series:

I. If w vanishes, it will be

TLTTCOSNTT 1 1 1 1 1 1

inn)? nn (I=n2 (+n2 C=nZ C+n? G-np

—etc.;

but if additionally n vanishes, because of sinnm = ns following paradoxical

equation results

11 2.2 2 2
nm onn 1 4 9 16 ’

But in order to explain this paradox, let us not consider the number 7 only as
infinitely small, and since it is

1
cosnt=1— —nnmrmr

2
and also
sinnt =nn—-n’n° =nn|l——-nnmnmr |,
6 6
it will be
COS N7t 1—Innnn 1— tnnmm
(sinnm)®  nnmm(1 — snnmm) nnyr

hence this true equation is obtained
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For, it is
1—1+1—i+l—etc—imr
4 9 16 25 12 '

II. Now let us put n = 0 and we will have

S SN SN SO S S S———
wsinwnt w? 1—w? 1—w? 4—w? 4—w? 9—w? 9—? '
or

7T 1 2 2 2 2 2

+ — etc,;

—_— = — + — — +
wsinwnr w? 1—w? 4—w? 9-—w? 16—w? 25— w?
hence we obtain this memorable summation

L1 11
1—w? 4—w? 9—w? 16— w? " Qwsinwnr 2ww’

whose truth I demonstrated elsewhere®. But hence for an infinitely small w
because of

1
sin wir = wn(l — 6w2712>

the sum of the series

T
479 16 T &C¢

as before is calculated to be

1 N
2ww(l - tw?n?) 2ww 1277

IIL. If one sets n = %, because of cosnt = 0 also the series itself vanishes,
while all terms indeed cancel each other. But for this to happen, if n differs
infinitely less from %, differentiate with respect to the variable n, whence it is

_nsinnmsinwrn(l +cos(n —w)m-cos(n +w)m) 2n B 2(1—n)

w(sin(n — w) 7 - sin(n + w) )2 - (m—ww)? (1 -n)?2— w?)?

8Euler refers to E130.
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2(1+n) 2(2—n) 2(2+n)

— — etc.
(=2 " (@=nf = @+ -2
Therefore, now take n = % and it will be
TU7T Sin w7t 16 16 3-16 3-16

- =— - — etc.
wcoswn) ~  (1—4a?? (1—4?)?  (9—4w?)? " (9—dwry €

or

TT7T Sin W 7T 1 3 5 7

Bw(coswn?  (1—4w?)?  (9—4w?)? | (25 —4a?? (49— 4a?)

7 T etc.,

where for w = 0 it follows that it will be

~ 1 1 1 1 1
+ 5 — ==+ =

2 T Fty ATy 1t

which is certainly known from elsewhere.

But the series found in the preceding problem seems to be a lot more difficult.
Yes, even the case expanded in corollary 1, even though it is highly special case,
deserves a more diligent expansion, which I will try to give in the following
problem.

PROBLEM 6

§57 If n is an arbitrary number, to find the sum of this series

1 n n(l—n) n(l-n)(1+n) n(l-—n)(1+n)(2—n)
S_E+1(1—n) 1201 " 1.232-n) © 1-2.3-42+n)

+ etc.,

which we certainly found before [§ 53] to be

7T

sinnsm’

SOLUTION

Since in this series the structure of the terms is irregular, it will be convenient
to split it into two parts. Therefore, let us set

1 n(l—n)
p=-4 -0
n+1-2(1+n)
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n(l—n)(14+n)(2—n) L n(l—n)(1+n)(2—n)(2+n)(3—n)

1-2-3-4(2+n) 1-2-3-4-5-6(3+n) + etc,,
__n n(l—n)(1+n) n(l—n)(1+n)(2—n)2+n)
Q_1<1_71)+ 1-2-3(2—n) * 1-2-3-4-5(3—n) +etc.,

so that it is
s=P+Q.

Now, investigating the sum of these series I recall the following series known
from the theory of trigonometric functions

cospg _,, A=w)A+p) .o A=p)A+up)B—p)B+p) . 4

05 =1+ 1.0 sin” ¢ + 1.2.3.4 sin” ¢ +etc,,
sinv | v(2—v)(24+v) . 4 v2—v)2+v)(d—v)4d+v) . 5

cosg =vsing + 1.2.3 sin” @ + 12.3.4.5 sin” ¢ + etc.

and first I will apply it to the first form P. Therefore, since these fractions

Q-+ C-—wB+u) GE-—p)bE+p)
n(l—n) ~ (Q+n)(2-n) (2+n)(3—n)

etc.

must be equal, I conclude that one has to take y = 1 — 2n, whence it will be

(1-n)(1+n)(2—n)
1-2-3-4

cos(1—2n)p 14 n(1—n)

-2*sin ¢ +etc.
o5 g 1o sin” ¢ +etc

.22 sin? @+ "
Let us multiply this equation by dgsin®*~! ¢ cos ¢ and integrate, it will be

. oy 1 . n(l—n) )
2n—1 _ — . 2n . 2n+2
/dq)sm ¢ cos(1—2n)¢ 5 S @ + T 20+ 1) 2sin”"" ¢

n(l—n)(1+n)(2—n)
1-2-3-4(n+2)

2n+4

.23 sin @ + etc.

Now after the integration set sin ¢ = J or ¢ = 30 and it will be

p =22+l /d(p sin®" ! ¢ cos(1 — 2n)¢;

the series Q on the other hand will easily be deduced from the other known
series by taking v = 2n, whence it is

n(1—n)(1+n)

.23 : -3
cos ¢ 1-2-3 sm¢
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+n(1 —n)(1+n)(2—n)(2+n)
1-2-3-4-5
Multiply this equation by dgsin~2" ¢ cos ¢ and integrate again; it will be

o . n oo n(l—n)(1+n)
/d(psm @ sin2ng = 1(1—n) sin @+ 1232 —n) -22sin*" %" g + etc.

-2%sin® @ + etc.

After the integration set sin ¢ = 3 or ¢ = 30" and this expression will result

Q=242 /dgo sin~?" ¢ sin2ng.

Therefore, the sum of the propounded series will expressed in such a way
that it is

s = 2%l /dqo sin® 1 ¢ cos(1 —2n)¢ + 222" /dq) sin~?" ¢ sin2ng,

and since this sum is already known from elsewhere, one will have

T 4/d(p cos(1 —2n)¢ (2sin @)>" ! —i—4/dg0 sin2ng (2sin ¢) "

sin n7

COROLLARY 1

§58 If one puts 2n = %, it will be 1 —2n = % ; this way our equation
becomes more convenient and it will be

s _4/dgocos 1+)‘(p 4/dq)sin2"(p /2
sin %7( (2sin (p) (2sin @) LA cos 2% M —sin )‘4” ’
having put ¢ = 30° after the integration.
COROLLARY 2
§59 In like manner having taken a negative A it will be
7'( dgcos S2¢ desinte nﬁ
1+/\ = / . 1 4 / I A’
sin (2sing) 2 (2sing) 2 cos A% + sin AT

where it will be helpful to have noted that in all cases, Which can be expanded,
the same value of these integral formulas we exhibited here is actually found.



